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Abstract

Building upon experimental observations of molecular motor transport phenomena, we
conducted a theoretical and computational analysis of the diffusive dynamics in a system of
elastically coupled particles subjected to an asymmetric periodic potential in a two-
dimensional periodic microchannel, to reveal the dynamical mechanism of cooperative
transport of particles with two heads. While moving in a confined structure, Brownian particles
could display non-equilibrium transport anomalies. The dependence of directed current on
various parameters is systematically studied. Our results indicate that the direction of motion
can be reversed by modulating the coupling strength, free length, maximum width of the
microchannel, and frequency of microchannel width variation. In addition, we have discussed
the generalized stochastic resonance phenomenon with the variation of each parameter in the
strong-coupling case. These research findings are helpful for studying complex systems such
as transport through nuclear pores and cellular transport along protein filaments, and also
provide a technologically viable strategy for optimizing and manipulating collective directed
transport through systematic parameter engineering.
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1. Introduction

In recent decades, the problem of cooperative directional transport has emerged as a
pivotal research focus in Brownian particle dynamics. This cross-disciplinary challenge has
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garnered substantial attention from physicists, biologists, chemists, and mathematicians,
yielding groundbreaking findings [1-16]. For example, Mahadevan's biological experiments
demonstrated that many molecular motors (e.g., kinesin, myosin, dynein) operates as bipedal
motors with synergistic activity between strongly coupled pairs [1,2]; Guérin's group
discovered that collective directional transport emerges only when multiple myosin-II proteins
collaborate, whereas single proteins remain inactive [4]; Liu et al. developed a theoretical
framework for 2D coupled ratchet transport systems [10]; In 2025, Peng et al. systematically
analyzed directional transport performance of coupled Brownian particles in rough potentials
[16]. These phenomena reveal that emergent collective dynamics produce complex behaviors
not observed in single-particle systems, and highlight the mechanistic necessity of studying
cooperative Brownian transport.

However, in most of the investigations, the external potential is free, without thinking
about the boundary. Accumulating evidence demonstrates that boundary constraints in
microchannels significantly influence Brownian particle transport behaviors [17-31]. For
example, Bao et al. demonstrated that the drag force influence of slip boundary conditions and
gas rarefaction changes the particles’ residential time [23]; Guo et al. revealed that collective
motion directionality is entirely governed by channel asymmetry [27]. Notably, boundary-
constrained transport studies exhibit critical practical implications across systems such as
carbon nanotube dynamics [17], brain tissue microstructure [18], membrane permeability [26],
and porous media transport [31]. This gives us an enlightenment for setting up the ratchet
model of coupled Brownian particles in confined geometries.

Motivated by the previous research, we investigated an overdamped Brownian motion of
two coupled particles with an asymmetric periodic potential in a two-dimensional periodic
microchannel theoretically and numerically, to reveal the dynamical mechanism of cooperative
transport of particles with two heads. We will focus on the effects of the coupling strength,
maximum width of the microchannel, and frequency of microchannel width variation on the
particle transport behavior with the appropriate noise periods in this paper. In addition, we
have discussed the generalized stochastic resonance phenomenon with the variation of each
parameter in the strong-coupling case.

2. Coupled Langevin system

2.1. System model

In this paper, we consider an overdamped Brownian motion of two coupled particles with
an asymmetric periodic potential in a two-dimensional periodic microchannel. First, we
introduce a coupled two-particle system based on the Frenkel-Kontorova (FK) model grounded
in classical mechanics principles [32], which describes the motion dynamics of a particle chain
in a potential field. The schematic diagram is shown in Fig. 1.

Figure 1. Schematic diagram of the model for two particles.



The equations of motion of two coupled particles can be mathematically represented by
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where (x,y,) is the position of the i-th particle, x is the friction coefficient. When the
friction coefficient x is constant, it doesn't affect the analysis of the results. Thus, we have
#=1 in this paper. When the particle reaches the boundary of the microchannel, the energy of
the particle will be fully absorbed, which satisfies the Dirichlet boundary condition.
Throughout this paper, we suppose the size of the particle is negligible.

The time-dependent width d(t,x) of the microchannel is governed by:

d(t,x) = %O(sin(27r(x—uot)) +1), 3)

where d; is the maximum width of the microchannel , o,

is the frequency of

microchannel width variation.
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Figure 2. Microchannel schematic diagram for the case: (a) v,=1; (b) v,=2. The other parameter is set
tobe d,=2.

Fig. 2 shows the microchannels at different frequency changes. It can be seen that the
changes with time when v =2 are faster than the case when oy =1. Meanwhile, when o =2

1 1
and t= 6’ the microchannel states are the same as the case when y =1 and t= 3

V(x) is the asymmetric periodic potential arising from the interaction between the

particles and the track of x-coordinate. The following simplified form of V (x) is chosen:

V(xl.):—V0 {Sin(%xi}r%sin(%xiﬂ, (4)



where V| isthe potential strength, A isthe asymmetry coefficient of V (x) , and L is
the spatial period of V (x) . Throughout this paper, we set the parameters V =1.
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Figure 3: The asymmetric periodic potential V(x) with A={-1,1} for the case V=1, L=1.
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The interaction potential U(Pl, Pz) between the two particles is defined by the following
harmonic function:
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where k is the coupling strength, and a is the coupling free length.

The effect of the two reservoirs on the particles is modeled as thermal noises

E(N)=(1).5,()i=12, ©)

which are assumed to be independent, unbiased Gaussian white noises with
(6.0)=(&,.0)=(6.05,.1)=0, )
(£,0,,()=(£, (0, (£)) =2Kk,T,(t)8,8(t~t), i,j=1,2, (8)

where k,T is the thermal energy, and Tl(t) , T, (t) are the following modulated

T(t)=T, {1 + Asin{zt—”tﬂ , )

2
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harmonically varying functions:

Tt =T,

where t; is the pulsation period of the temperature, and A@ is the phase shift between

two temperature fluctuations.

In the aforementioned temperature ratchet model, the maximum temperature corresponds
to the minimum binding of the potential well, and the minimum temperature corresponds to
the strongest binding to the coupled particles.

According to the Eq. (9) and Eq. (10), the temperature fluctuation of both particles is
synchronized with A#=0, which means that the average velocity reaches the maximum value
because the coupling could enhance the motion. For AO = 7, one temperature of the coupled



motors reaches the maximum value when the other one is at the minimum, indicating that the
coupling reduces the motion of the coupled particles in this case [32].
Throughout this paper, we set the parameters T,=0.5, A=0.8 and ¢, =1.
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Figure 4. T, in Eq. (9) and Eq. (10) respectively with A@={0,7/2,z} as a function of parameter

t for thecase T,=0.5, A=0.8, t,=1.

The primary quantity of interest is the average velocity derived from both ensemble and
time averaging of the instantaneous velocities. Considering that the motion of the particles in
y -direction is constrained by the boundary, we mainly study that in the x -direction:

1 &F
=lim— t)dt, 10
v=1i 2T,-§:1'([J&Z) (10)
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where T is the transport duration. The average velocity is a macroscopic quantity which
can be measured in a real experiment.

2.2 The principle of coupled particles transport

Based on Eq. (1), it can be seen that the particle motion is subject to the combined action of
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thermal noise ( &, and & ) . The respective effects of the three forces are concisely

potential field force (F =-

summarized below, with detailed analysis provided in [22].

2.2.1. Potential Field Force

The influence of the external potential in the x -direction on the transport of the coupled
particles is first visualized through the position diagram (see Fig.5) and the potential field force
diagram (see Fig.6) of the two particles at different microchannel width.

As can be seen from Fig. 5 when the microchannel width is narrow [e.g., d=0.1], the
particles are restricted to the x -direction due to spatial confinement in width, so the two
particles have a larger spacing in the x -direction, as shown the relative positions of particle 1
and particle 2 in Fig. 5. When the microchannel width is wide [e.g., d =1], the particles can
move in both the x -direction and the y -direction, so the distance between the two particles



inthe x -direction is relatively narrow, as shown the relative positions of particle 1 and particle
2" in Fig. 5.
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Figure 5. Schematic diagram of position of the particle
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Figure 6. Schematic diagram of potential field force F of the particle

From the Eq. (1) and Eq. (2), it is found that the potential field force of the particle is only
affected by the horizontal position, as shown in Fig. 6, therefore the resultant force of external

potential is determined by the average horizontal interval Ax which is the mean of |x1 - x2| .

Because of the rotational symmetry [33], we study the case where Ax <0.5L in the following
discussion.

When Ax <0.25L, the probability that the resultant force of external potential is negative is
greater than 50%. Thus, the potential field force makes particles tend to move in a negative
direction. Whereas the probability that the resultant force of external potential is positive is
greater than 50% when 0.25L <Ax<0.5L, and it makes particles tend to move in a positive
direction.

2.2.2 Coupling Force

In the case of weak-coupling [e.g., 0.01<k<1], the transport behavior of the coupled
particles degrades into that of single particle. At this time, the relationship between particles is
unstable, and the external potential resultant force of two particles is reflected as random
action.

In the case of strong-coupling [e.g., 40 <k <1000 ], the relative relationship between
particles is stable. At this time, the distance between particles is close to the free length of
particles, and the resultant force of external potential is relatively stationary as well.



2.2.3 Thermal Noise
From the Eq. (9) and Eq. (10), for an infinitely large pulsation period ¢, the temperature

pulsates so slowly that it can be regarded as a constant. In this case, the coupled Brownian
particles are immersed in a stationary periodic potential and a white Gaussian noise with a
constant intensity, where the system has a null directed current regardless of the coupling
strength k . In contrast, when ¢, tends to zero, the temperature fluctuates too rapidly, and the

change in the configuration of the coupled Brownian particles always lags behind the rapid
temperature fluctuation. This also leads to an absence of directed motion [32].

Therefore, it is only possible to generate directed current under appropriate noise periods
le.g., t,=0.1].

3. Simulations and analysis

3.1 The simulation method

In this paper, the stochastic Runge-Kutta method is employed to numerically solve the
equations of motion and we set the transport duration to be T =100s. Moreover, a total of 500
simulations were performed.

3.2 Analysis of results

3.2.1 Effect of coupling strength on the transport behavior

The coupling strength k critically influences the directed transport in the ratchet system.
Fig. 7 shows three curves of the average velocity against the coupling strength k with phase
shifts A0 = {0,72'/2,71’} .

For every curve in Fig. 7, the sign of the velocity, which corresponds to the direction of
motion of the coupled particles, exhibits a non-monotonic variation with increasing coupling
strength, demonstrating an initial reduction followed by a recovery. For weak coupling [e.g.,
0.01<k <1], the average velocity v~-0.22, which is regarded as a constant. This is because
in the weak-coupling case, the motion can be considered as that of two single particles. With
increasing coupling strength K [e.g, 1<k<40 ], coupling gradually begins to inhibit
transport velocity, which shows that the coupling between the two coupled particles affects the
symmetry breaking of the entire system.

In addition, we find that the three transport velocity trajectories exhibit minimal variation
when k <40, which shows different phase shifts are not enough to affect the motion of the
particles. That is also because of the single-particle behavior and the fact that the mean velocity
is independent of A@ for the weak-coupling case.

When the coupling is large enough [e.g., 40 <k <1000 ], the transport velocities of

particles under identical coupling strength exhibit a distinct hierarchy: v,, ,>v,, ., >0, -

This velocity ordering can be interpreted through the lens of noise-induced transport theory.
For A6 =0, the noise of both particles is synchronized, which means that the average velocity
reaches the maximum value because the coupling could enhance the motion. For A@=7, one
of the coupled particles is subjected to strong noise when the other one is acted to the weakest,
indicating that the coupling reduces the motion of the coupled motor in this case. Therefore,
transport velocity of the particles is inhibited. This also can be interpreted in terms of the
formulas, Eq. (9) and Eq. (10), for the two temporally modulated temperatures.

Based on the above analysis, the following discussions will further analyze the influence
of other parameters on the transport behavior in the strong-coupling case.
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Figure 7. The velocity v respectively with A@={0,7/2,7} as a function of coupling strength K. The

other parameters are set tobe 2=0.3L, L=1.

3.2.2 Effect of maximum width of the microchannel on the transport
behavior

As can be seen from above analysis in Section 2.2.1, the resultant force of external potential
is determined by the average horizontal interval Ax. However, microchannel width d will
affect Ax, as shown in Fig. 3. That is, the resultant force of external potential is directly
modulated by the microchannel width, which is determined by the maximum width and the
variation frequency. Therefore, in this and the next sections, we will systematically investigate
the effects of the maximum width and the variation frequency of the microchannel width on
the particle transport in the strong-coupling case [e.g., k=1000 ].

In Fig. 8 and Fig. 9, we respectively give the average velocity versus the microchannel
maximum width d; with phase shifts A0 = {0,7r / 2,7r} for the case 4=0.3L and a=0.1L by

Monte Carlo method, where two curves correspond to different microchannel width variation
frequency v, .
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Figure 8. The velocity v respectively with u, :{1,500} as a function of the maximum width of
microchannel d, for the case: (a) A9=0; (b) A9=7r/ 2; () Af=x. The other parameters are set to be
a=03L, L=1.

From Fig. 8, for small values of d, [e.g., d,<0.2], it is obvious to find that the particles

tend to the positive transport. Because when the microchannel width is narrow, the horizontal
distance of two particles is longer on account of the limit of microchannel boundary. However,
when the width of the microchannel changes relatively slowly at v,=1, the particles can remain

free from the limitation of the microchannel width for a long time as the width is large enough
so that the horizontal distance begins to decline, and then the particles gradually produce
negative transport. When the frequency of the microchannel width variation has been
significantly increased at ©,=500, The particles are subjected to frequent confinement due to

the narrowing microchannel, leading to almost no change in horizontal distance. Therefore, the
particles exhibit insensitivity to changes in the microchannel maximum width and the particles
produce positive transport in this case. This is consistent with the analysis in Section 2.2.1.

In addition, as the maximum width increases continuously with =500, transport

velocity of the particles is gradually inhibited, the effect of the potential field force weakens,
while asynchronous noise begins to suppress particle motion, ultimately leading to a reduction
in transport velocity, which is consistent with the above analysis results in Section 2.2.3.
Through the aforementioned analysis, it can be observed that the frequency of the
microchannel width variation has a significant impact on particle transport behavior. This will
be analyzed in detail in Section 3.3 of the following content.
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Figure 9. The velocity v respectively with u, :{1,500} as a function of the maximum width of
microchannel d, for the case: (a) 6=0; (b) A9=7r/2 ; () AG=x. The other parameters are set to be
a=01L, L=1.

As canbe seen from Fig. 9, the curves have almost no change with increasing the maximum
width. This is because when the free length is enough short, the transport between the two
particles is less constrained by the microchannel width variation.

3.2.3 Effect of frequency of the microchannel width variation on the
transport behavior

In Fig. 10 and Fig. 11, we respectively give the average velocity versus the frequency of the
microchannel width variation v, with phase shifts A8 = {0, /2, ﬂ'} for the case 4=0.3L and

a=0.1L by Monte Carlo method, where four curves correspond to different microchannel
maximum width 4, .

By observing the curves in Figure 10 when 4,=0.01 and d,=0.1, we find that the

fluctuations of the two curves are slight. This is because the width of the microchannel is
relatively narrow so that the variation frequency has little effect on the horizontal distance of
particles, resulting in positive transport and indicating that the variation frequency has almost
no influence on the transport velocity under these confinement conditions.

However, when the width of the microchannel is relatively wide [e.g. 4,=0.7 ] and the

frequency of the width variation is relatively low, the particles can remain free from the
limitation of the microchannel width for a long time. Thus, the width of the microchannel has
almost no effect on the transport velocity of the particles in this case. As the frequency of



microchannel width variation increases, the limitation imposed by the microchannel width
begins to become prominent. The particles start to be influenced by the microchannel and
exhibit positive transport behavior. As the frequency of microchannel width variation
continues to increase, the positive transport velocity is gradually suppressed.

As can be seen from Fig. 11, the curves have almost no change with the variation frequency
increasing. This is also because when the free length is short enough, the transport between the
two particles is less constrained by the microchannel width, which is similar to the situation
shown in Fig. 9. These simulation results match perfectly with the above theoretical analysis.
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Figurel0. The velocity v respectively with d :{0.01,0.1,0.7,10} as a function of the frequency of
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Figure 11. The velocity v respectively with d, :{0.01,0.1,0.7,10} as a function of the frequency of
microchannel variation v, for the case: (a) A6=0; (b) AH=7z/ 2; (c) O=r. The other parameters are set

tobe a=0.1L, L=1.

4. Discussion of generalized stochastic resonance

According to the preceding analysis, the particles in periodically varying boundary
systems will exhibit richer transport behavior when the free length between particles 4=0.3L
and the noise among particles is synchronized. Fig. 12, Fig. 14 and Fig. 16 respectively
demonstrate the generalized stochastic resonance phenomenon under strong coupling and
synchronized noise conditions. For small maximum microchannel widths, negative stochastic
resonance occurs as the variation frequency increases, while positive stochastic resonance is
observed for large widths, specific as follows.
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Figure 12. The velocity v respectively with v, =10 as a function of the maximum width of

microchannel d,. The other parameters are set tobe Af=0, 4=03L, L=1.

Fig. 12 curves the transport velocity varying with the maximum width of the microchannel.
It can be seen that as the maximum width increases continuously, the transport velocity
exhibits an initial positive-to-negative transition, reaching a maximum negative transport
velocity. Further increasing the maximum width begins to suppress the negative transport
velocity, resulting in a generalized negative stochastic resonance phenomenon.
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Figure 13. The trajectory of particle transport respectively with d, € {0.1,0.35,10} ,where v, =10. The
other parameters are set tobe A0=0, a=0.3L, L=1.

Fig. 14 plots the transport velocity versus the frequency of microchannel width variation
with d, € {0.25,0.34,0.48,1.32} . It can be seen that when the microchannel maximum width is

relatively small, as the frequency of the microchannel width variation increases continuously,
the transport velocity first reaches the maximum value in a negative direction. Further
increasing the maximum width begins to begins to suppress the negative transport velocity,
generating generalized negative stochastic resonance behavior, and ultimately causing the
particles to exhibit positive transport.
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Figure 14. The velocity v respectively with 4, {0.25, 0.34,0.48,1.32} as a function of the frequency of

microchannel variation v,. The other parameters are set tobe A0=0, 4=0.3L, L=1.
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Figure 15. The trajectory of particle transport respectively with v, € {1,10, 300,1000} ;where d,=0.25.
The other parameters are set tobe A6=0, a=03L, L=1.
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Figure 16. The velocity V respectively with d, 6{1.85,5.1,7.14,10} as a function of the frequency of

microchannel variation v,. The other parameters are set tobe A0=0, a=0.3L, L=1..
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Figure 17. The trajectory of particle transport respectively with o, € {1,10, 300,1000} ,where d;=10.The
other parameters are set tobe A0=0, a=0.3L, L=1.

Fig. 16 curves the transport velocity varying with the frequency of microchannel variation

with d, e {1.85,5.1, 7.14,10} . It can be seen that when the microchannel maximum width is

relatively large, as the maximum width increases continuously, the transport velocity exhibits
an initial negative-to-positive transition, reaching a maximum positive transport velocity.
Further increasing the frequency variation begins to suppress the negative transport velocity,
resulting in a generalized positive stochastic resonance phenomenon.

In Fig. 13, Fig. 15 and Fig. 17, some trajectories of particle transport are respectively given
based on the above-mentioned resonance phenomenon.

5. Conclusions

Above all, we have investigated the transport properties of coupled Brownian particles
confined to a periodic microchannel in an asymmetric periodic potential theoretically and
numerically, to reveal the dynamical mechanism of cooperative transport of particles with two
heads. In this paper, the relations between directed transport on various parameters (coupling
strength, free length, maximum width of the microchannel, and frequency of microchannel
variation width) on the transport behavior is analyzed sequentially, and the computer
simulation results about the above parameters were consistent with the theoretical analysis.
Moreover, when the maximum width of the microchannel is relatively small, the generalized
negative stochastic resonance behavior is observed as the variation frequency increases,
whereas generalized positive stochastic resonance behavior occurs when the maximum width
is relatively large. These research findings are helpful for studying complex systems such as
transport through nuclear pores and cellular transport along protein filaments, and also
provide a technologically viable strategy for optimizing and manipulating collective directed
transport through systematic parameter engineering.
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